Abstract. In [Ald00], Aldous investigates a symmetric Markov chain on cladograms and gives bounds on its mixing and relaxation times. The latter bound was sharpened in [Sch02] . In the present paper we encode cladograms as binary, algebraic measure trees and show that this Markov chain on cladograms with fixed number of leaves converges in distribution as the number of leaves goes to infinity. We give a rigorous construction of the limit, whose existence was conjectured by Aldous and which we therefore refer to as Aldous diffusion, as a solution of a well-posed martingale problem. We show that the Aldous diffusion is a Feller process with continuous paths, and the algebraic measure Brownian CRT is its unique invariant distribution.
Introduction
An N -cladogram is a semi-labeled, un-rooted and binary tree with N ≥ 2 leaves labeled {1, 2, ..., N } and with N − 2 unlabeled internal nodes. Cladograms are particular phylogenetic trees for which no information on the edge lengths is available, and which therefore only capture the tree structure. Reconstructing cladograms from DNA data is of major interest in population genetics, and an important ingredient for several algorithms are Markov chains that move through a space of finite trees (see, for example, [Fel03] for a survey on Markov chain Monte Carlo algorithms in maximum likelihood tree reconstruction). Usually, such •
. At rate N (2N − 5) a) a leaf u and an edge e are picked at random, and b) the edge adjacent to u is taken away (leaving behind a branch point of degree 2).
chains are based on a set of simple rearrangements that transform a tree into a "neighboring" tree (see, for example, [Fel03, BRST02, BHV01, AS01] ).
The present paper has a focus on the Aldous chain on cladograms which is a Markov chain on the space C N of all N -cladograms, with the following transition rate: for each pair (u 0 , e) consisting of a leaf and an edge (other than the edge adjacent to u 0 ) at rate 1, the Markov chain jumps from its current state t to t (u 0 ,e) , where that latter is obtained as follows (see Figures 1 and 2 ):
• Erase the unique edge (including the incident vertices) which connects u to the subtree spanned by all leaves but u, • split the remaining subtree at the edge e into two pieces, and • reintroduce the above edge (including u and the branch point) at the split point.
This Markov chain has the generator Ω N acting on all functions φ : C N → R as follows:
where the sum runs over all pairs (u 0 , e) consisting of a leaf and an edge which is not adjacent to u 0 . Obviously, the Aldous chain is reversible and the uniform distribution is the stationary distribution.
It was shown in [Ald00] that the mixing time is of order at least O(N 2 ) but at most of order O(N 3 ). A further paper [Sch02] verified that the relaxation time is of order O(N 2 ).
As [Ald93] shows that a random N -cladogram with uniform edge lengths 1 √ N converges weakly to the Brownian Continuum Random Tree (CRT), Aldous conjectured the existence of a CRT-symmetric diffusion limit of the Aldous chain on N -cladograms observed at time scale of order O(N 2 ) as N → ∞. This conjecture was presented in a talk in March 1999 given at the Fields Institute, and is supported by the following calculation: suppose we start the Markov chain in some initial N -cladogram, fix a branch point, and consider the relative sizes (η 1 , η 2 , η 3 ) of the three subtrees attached to this branch point. Then, as the Markov chain runs, these proportions change as a certain Markov chain, until the branch point disappears. On the proposed time-rescaling of N 2 , the N → ∞ limit is the diffusion with generator
which records certain aspects of a diffusion on the continuum tree. Aldous raised the question of how this diffusion should be constructed rigourously and what more can we calculate from there? On Aldous open problem webside the construction was rated as straightforward provided the right set-up is chosen.
The present paper is demonstrating that a straightforward construction can be given once we choose the right state space. A classical starting point would be to think of continuum trees as real trees which are particular metric spaces. A metric space is called a real tree if it is path connected and satisfies the so-called 4-point condition. For convergence results one would like to be in a position to treat the approximating discrete trees and their pathconnected scaling limits in a unified way. One therefore also considers metric trees, which are metric spaces differing from a real tree by not necessarily being path connected. We say that a metric space is a metric tree if it can be embedded isometrically into a real tree in such a way that for every choice of three points in the metric tree, the corresponding branch point (defined in the real tree) belongs to the metric tree.
In many applications it is useful to have metric trees equipped with a probability measure as, for example, the definition of the discrete Aldous chain dynamics requires to sample leaves according to some probability measure. One therefore considers the space M of isometry classes of metric measure spaces and equips it with the Gromov-weak topology. In fact, Aldous' CRT arises as the Gromov-weak scaling limit of uniformly chosen N -cladograms with edge lengths scaled down by the factor 1 √ N . One of the equivalent definitions of the Gromov-weak topology is by convergence of the distance matrix distributions, i.e., a sequence (x N ) N ∈N of metric measure spaces converges to a metric measure space x ∈ M if and only if Φ(
where x = (X, r, µ), m ∈ N, and φ ∈ C b (R ( m 2 ) + ) (see [GPW09, Löh13] ). In this set-up, many tree-valued Markov processes have been constructed and in some cases also the convergence of approximating discrete tree-valued dynamics has been established (see, for example, [EW06, GPW13, LVW15] ). One could think metric (measure) trees are the natural framework for rescaling the Aldous chain as well. However, the Aldous chain resists this approach. An easy calculation shows that the quadratic variation of the averaged distance process rescales at time scale N 3 2 . But how does it relate to the conjecture that the Aldous chain rescales on the time scale N 2 ? One reason might be that distances behave too wildly for tightness on that time scale to hold. Which in turn might be a hint that the naively used graph distance is not the notion of distance intrinsic to the Aldous chain dynamics. And indeed, one can argue that two points are close if the mass branching off the line segment connecting them is small rather than if the length of that line segment is small. The idea for our new state space is to overcome the metric issue by focusing on the tree structure only.
In what follows, we refer to (T, c) as an algebraic tree if T = ∅ is a set equipped with a branch point map c : T 3 → T satisfying consistency conditions (see Definition 2.1). Even though algebraic trees can be seen as metric trees where one has "forgotten" the metric (i.e. equivalence classes of metric trees), the branch point map is defined such that the notion of leaves, branch points, degree, subtrees, line segments, open sets, etc. can be formalized without reference to a metric (and agree with the corresponding notion in the metric tree). An algebraic measure tree (T, c, µ) consists of a separable algebraic tree (T, c) together with a probability measure µ on the Borel σ-algebra B(T ). The Aldous diffusion takes values in the new state space T of (equivalence classes of) algebraic measure trees introduced in [LW] (see Section 2). For a notion of convergence in T, we first introduce the branch point distribution on T ,
and then associate an algebraic measure tree x = (T, c, µ) ∈ T with the metric measure tree (T, r µ , µ) ∈ M, where we put for x, y ∈ T ,
2 ν x {y} where [x, y] is the interval ("line segment") from x to y. We define convergence of the algebraic measure trees in T as Gromov-weak convergence of these associated metric measure trees, i.e., we say
The space T equipped with the so-called branch point distribution distance Gromov-weak topology (or, for short, bpdd-Gromow-weak topology) is introduced and further studied in [LW] . Because cladograms are by definition binary, it is for the purpose of the present paper enough to consider the subspace of T consisting of binary trees. More precisely, we consider the subspaces (1.7) T 2 := (T, c, µ) ∈ T : degrees at most 3, atoms of µ only at leaves of binary trees with no atoms on the skeleton, and
of continuum binary trees. It is shown in [LW] that both T 2 and T cont 2 are compact, which is very convenient for showing tightness of the approximating processes. Furthermore, on T 2 , we have equivalent formulations of bpdd-Gromov-weak convergence which we can use to prove our limit statements (see Section 2 for more details).
Let C m denotes the set of m-cladograms (see (2.9)). For an algebraic tree (T, c) and u = (u 1 , . . . , u m ) ∈ T m , let s (T,c) (u) denote the m-cladogram generated by the points u 1 , ..., u m in (T, c) (see Definition 2.5 for a precise definition). For m ∈ N and t ∈ C m , let Φ m,t be the function which sends an algebraic measure tree to the probability that m points sampled independently with µ generate the cladogram t, i.e.,
, where (T, c, µ) ∈ T 2 . We will refer to (s (T,c) ) * µ ⊗m as m-sample shape distribution. One of the main results of [LW] is that Φ m,t ∈ C b (T 2 ). Moreover, the set of sample shape distributions, or equivalently, or equivalently, the set of {Φ m,t ; m ∈ N, t ∈ C m } is convergence determining for measures on T cont 2 . Furthermore, we can introduce the operator Ω Ald acting on test functions of the form (1.9) as follows:
Obviously, Ω Ald can be extended linearly to the linear span of the functions of the form (1.9), i.e.
(1.11) D(Ω Ald ) := span functions Φ m,t of the form (1.9) with m ∈ N, t ∈ C m , where span denotes the linear span of a set of functions. Our first main result is the following:
Theorem 1 (The well-posed martingale problem). For all probability measures P 0 on T cont 2 , the (Ω Ald , D(Ω Ald ), P 0 )-martingale problem is well-posed. That is, there exists a unique T cont 2 -valued Markov process (X t ) t≥0 such that P 0 is the distribution of X 0 , and for all Φ ∈ D(Ω Ald ), the process M := (M t ) t≥0 given by . In particular, it is a strong Markov process. Moreover, this solution is ergodic with the algebraic CRT as invariant distribution.
We refer to the process from Theorem 1 as Aldous diffusion: Definition 1.1 (Aldous diffusion on binary algebraic measure trees). The unique solution of the (Ω Ald , D(Ω Ald ), P 0 )-martingale problem is called Aldous diffusion on binary algebraic non-atomic measure trees, or simply Aldous diffusion, started in P 0 .
It is important to mention that the Aldous diffusion is dual to the Aldous chain, as for all m ∈ N and m-cladograms t, the Aldous diffusion
where (T t ) t≥0 denotes the Aldous chain on m-cladograms started in t.
The name Aldous diffusion is justified by the following convergence result. Here, we identify the C N -valued Aldous chain on N -cladograms with the T 2 -valued Markov chain obtained by forgetting the labels of the cladograms and equipping it with the uniform distribution on the leaves.
Theorem 2 (Diffusion approximation). For each N ∈ N, let X N 0 be an N -cladogram with the uniform distribution on the leaves. Assume that
. Then the Aldous chain X N starting in X N 0 converges weakly in Skorokhod path space w.r.t. the bpdd-Gromov-weak topology to the Aldous diffusion starting in x .
Our last result makes a connection to Aldous' original calculation (1.2) of the evolution of the relative sizes of the three subtrees attached to a fixed branch point until that branch point disappears. Instead of fixing a branch point in the beginning, we take the average over branch points w.r.t. the branch point distribution (1.4). Our topology on T 2 turns out to be strong enough for us to use the diffusion approximation from Theorem 2 to extend the martingale probelm for the Aldous diffusion to the corresponding test functions. Thus we can do explicit calculations which show the missing term compensating for the disappearance of branch points.
To state the result, we need some notation. For a branch point v ∈ br(T ), consider the three subtrees (components) attached to v and denote by S v (u) those of the three components containing u ∈ T with u = v (see (2.2) below for a precise definition).
be the vector of the three masses of the components connected to c(u). We consider test functions of the following form, called mass polynomials of degree 3:
where (T, c, µ) ∈ T 2 . One of the main results of [LW] is that Φ f ∈ C(T 2 ). Now we can extend the domain of the operator Ω Ald to the set of those mass polynomials Φ f of degree 3 with f : [0, 1] 3 → R twice continuously differentiable. To this end, we define (1.16)
where θ i,j : ∆ 3 → ∆ 3 denotes the migration operator on the three-simplex ∆ 3 which send the vector η to a vector where we subtract η i from the i th -entry (resulting in the entry zero) and add it to the j th -entry (resulting in η i + η j ), and e i = (δ ij ) j=1,2,3 is the i th unit vector.
Theorem 3 (Extended martingale problem for subtree masses). Let X = (X t ) t≥0 be the Aldous diffusion on T cont
2
. Then for all test functions Φ f of the form (1.15)
is a martingale.
Related work. We note that a construction related to the Aldous diffusion has been recently established independently in [FPRWb] . A discussion of the differences is therefore in order.
The construction was first sketched in [Pal, Pal13] . Pal suggests to take a finite number of branch points and consider the cladogram spanned by them. If now the Aldous chain runs, then the mass branching off one of the external edges of this cladogram gets exhausted. When this happens, the dynamics breaks down, and one needs to find a slightly different set of branch points to proceed. In [Pal] m-dimensional analogues to the Fisher-Wright diffusion with negative drift given through its generator in (1.2) was studied in detail. In particular, the exit distribution at the hitting time of the boundary of [0, 1] m was obtained. Pal and coauthors proceed in [FPRWa] with the construction by picking two random points in the tree, decompose the line connecting them into subtrees, and study the suitably rescaled subtree masses as partitions of an interval of random length while relieving the constrain that the total number of vertices must be preserved by letting removing and inserting of edges happen independently. After the proposed time rescaling and applying the time change which reverses the described Poissonization, the masses converge now to an evolving interval partition described by a family of diffusions indexed by N. Even though the appearance of new subtrees is not very explicit, it is reflected by the fact that this system of Fisher-Wright diffusion has now a immigration and emigration term which allows for a Poisson-Dirichletequilibrium as expected for the Aldous diffusion. However, the construction stops again once the line spanned by the initial points finally collapses. Recently a nice way to resolve the problem of disappearing vertices was suggested in [FPRWc] . The authors found a very smart way of swapping labels of the cladograms in such a way that the resulting dynamics is Markovian and preserves stationarity when one starts from the uniform distribution. This allows to select a new branch point after an old one disappears in the sampled cladogram.
In a very recent development [FPRWb] , the strategy suggested in [Pal] was implemented for one randomly sampled branch point. The authors propose in upcoming work to extend this procedure to cladograms spanned by finitely many branch points and thereby to come up with a characterization of the Aldous diffusion. Our construction, which was developed independently of the work described above, is very much related in spirit but differs in some important aspects. First, rather than sampling cladograms and describing their dynamics under the Aldous chain, we describe the behavior of the average of the quantities of interest over uniformly sampled cladogram. This allows us to give a nice characterization of the Aldous diffusion as a unique solution to some martingale problem. As a consequence, we do not require the initial distribution for the Aldous diffusion to be uniform but can rather let it start in any deterministic continuum tree. Secondly, we put some effort in establishing with the space of algebraic measure trees a new state space and invested in a detailed study of topological aspects. As a result we obtained equivalent formulations of the notion of convergence on the subspace of binary trees which made martingale convergence statement very much straightforward. Other approaches of encoding relatives of binary algebraic trees can be found in [For] and [EGW17] . The Rémy chain considered in [EGW17] is a Markov chain of growing (ordered) trees that is somewhat related to the Aldous chain: it is the process obtained by successively inserting new leaves at randomly chosen edges without removing a leaf before.
Outline. The rest of the paper is organized as follows. In Section 2, we introduce our state space of algebraic measure trees and recall its most important properties from [LW] .
In Section 3, we show tightness of the Aldous chains and existence of solutions to the martingale problem from Theorem 1. We do so by using and proving uniform convergence of (pre-)generators. In Section 4, we obtain the duality for the Aldous diffusion (Proposition 4.1), and use it to finish the proof of Theorems 1 and 2. In Section 5, we show that the Aldous diffusion has a unique invariant measure, namely the algebraic measure Brownian CRT, and the Aldous diffusion converges to it in law as time goes to infinity (Proposition 5.3). In Section 6, we prove Theorem 3 and apply it to calculate the annealed average distance of two points in the Brownian CRT with respect to our intrinsic metric.
The state space of binary, algebraic measure trees
In this section we introduce the state space. The goal is to overcome the metric issue raised in the introduction by focusing on the algebraic tree structure only. We encode the cladograms as binary, algebraic trees, and use the space of these trees together with the global topology studied in [LW] . All proofs can be found there.
Definition 2.1 (Algebraic tree). An algebraic tree is a non-empty set T together with a symmetric map c : T 3 → T satisfying the following:
We refer to the map c as branch point map. A tree isomorphism between two algebraic trees (T i , c i ), i = 1, 2, is a bijective map φ :
For each point x ∈ T , we define an equivalence relation ∼ x on T \ {x} such that for all y, z ∈ T \ {x}, y ∼ x z iff c(x, y, z) = x. For y ∈ T \ {x}, we denote by (2.2) S x (y) := z ∈ T \ {x} : z ∼ x y the equivalence class w.r.t. x ∈ T which contains y. We also call S x (y) the component of T \ {x} containing y. An algebraic tree (T, c) allows for all kinds of notions which capture the tree structure, e.g.,
• we say that S ⊆ T is a subtree of T iff c(S 3 ) = S, • we call the number of components of T \ {x} the degree of x ∈ T and write deg(x) = # S x (y) : y ∈ T \ {x} , • we say that u ∈ T is a leaf iff deg(v) = 1, and write lf(T ) for the set of leaves,
for some x 1 , x 2 , x 3 ∈ T \ {v}, and write br(T ) for the set of branch points, • we write [x, y], x, y ∈ T , for the interval
• and we say that {x, y} is an edge iff x = y and [x, y] = {x, y}. There is a natural topology on a given algebric tree, namely the topology generated by the set of all components S x (y) as defined in (2.2) with x = y, x, y ∈ T . In what follows we refer to an algebraic tree (T, c) as order separable if it is separable w.r.t. this topology and has at most countably many edges. We further equip order separable algebraic trees with a probability measure on the Borel σ-algebra B(T, c). This so-called sampling measure allows to sample leaves from the tree.
Definition 2.2 (Algebraic measure trees). A (separable) algebraic measure tree (T, c, µ) is an order separable algebraic tree (T, c) together with a probability measure µ on B (T, c) .
In what follows we call two algebraic measure trees (T i
T := set of equivalence classes of algebraic measure trees.
With a slight abuse of notation, we will write x = (T, c, µ) for the algebraic tree as well as the equivalence class.
Recall the branch point distribution ν = ν x = µ ⊗3 • c −1 and the metric r µ from Equations (1.4) and (1.5), respectively. One can check that for any algebraic measure tree (T, c, µ), r µ is indeed a metric on T which generates the branch point map, i.e., (T, r µ ) is a separable metric tree and for all x, y, z ∈ T ,
where [x, y] rµ = {v ∈ T : r µ (x, y) = r µ (x, v) + r µ (v, y)} denotes the interval in (T, r µ ). Notice that any point which carries positive mass is an isolated point in the metric space (T, r µ ). As in any metric tree, we can define for a fixed reference point (root) ρ ∈ T a unique measure ℓ (T,c,µ,ρ) on (T, B(T )) which is characterized by the two properties ℓ (T,c,µ,ρ) ((ρ, y]) := r µ (ρ, y) and ℓ (T,c,µ,ρ) lf(T ) \ at(µ) = 0. The measure ℓ (T,c,µ,ρ) is referred to as length measure w.r.t. ρ. Note that it depends on the choice of the distinguished point ρ. However, the total mass of the length measure does not depend on the choice of ρ and equals
We define convergence in T as follows.
Definition 2.3 (bpdd-Gromov-weak topology). We say that a sequence (x n ) n∈N of (equivalence classes of) algebraic measure trees x n = (T n , c n , µ n ) ∈ T converges branch point distribution distance Gromov-weakly (bpdd-Gromov-weakly) to the algebraic measure tree (T, c, µ) ∈ T iff the sequence (x n ) n∈N of (equivalence classes of) metric measure treesx n := (T n , r µn , µ n ) ∈ M converges to the metric measure tree (T, r µ , µ) ∈ M Gromov-weakly, i.e., if for U n 1 , U n 2 , ... independent and µ n -distributed, and U 1 , U 2 , ... independent and µ-distributed, for all m ∈ N,
In this paper we are only considering binary algebraic measure trees with the property that the measure has atoms only (if at all) on the leaves of the tree, i.e. the subspace of T given by (2.8)
where at(µ) denotes the set of atoms of µ (compare (1.7)). In this subspace, it turns out that bpdd-Gromov-weak convergence is equivalent to another very useful notion of convergence, namely the so-called sample shape convergence, which we introduce next. with lf(C) = {u 1 , ..., u m } and ζ(i) = u i , such that the identity on lf(C) extends to a tree homomorphism π from C onto c {u 1 , ..., u m } 3 , i.e., for all i, j, k = 1, ..., m,
We refer to s (T,c) (u 1 , ..., u m ) ∈ C m as the shape of u 1 , ..., u m in (T, c).
Definition 2.6 (Sample shape convergence). We say that a sequence (x n ) n∈N of (equivalence classes of) binary algebraic measure trees (T n , c n , µ n ) converges in sample shape to the (equivalence class of the) algebraic measure tree (T, c, µ) iff for U 1 n , U 2 n , ... independent and µ n -distributed, and U 1 , U 2 , ... independent and µ-distributed, for all m ∈ N, (2.13)
To be later in a position to recover the calculations of Aldous and others concerning the dynamics of subtree masses, we introduce yet another notion of convergence.
Definition 2.7 (Sample subtree mass convergence). We say that a sequence (x n ) n∈N of (equivalence classes of) algebraic measure trees (T n , c n , µ n ) converges in sample subtree mass to the (equivalence class of the) algebraic measure tree (T, c, µ) iff for U n 1 , U n 2 , ... independent and µ n -distributed, and U 1 , U 2 , ... independent and µ-distributed, for all m ∈ N, (2.14)
On T 2 , all of the above notions of convergence are equivalent. By (2.6), the total length of binary algebraic measure trees is uniformly bounded by 3, and one can show that the space T 2 is compact. 
In what follows, we will need the following two subspaces of T 2 . Let for each N ∈ N, The Aldous chain on N -cladograms is naturally defined on T N 2 , and we will define the Aldous diffusion on the space T cont 2 in view of the following approximation result: Proposition 2.9 (Approximations with T N 2 ). Let x ∈ T 2 . Then x ∈ T cont 2 if and only if there exists for each N ∈ N an x N ∈ T N 2 such that x N → x in one (and thus all of the equivalent) notions of convergence on T 2 given above. Proposition 2.10 (Compactness and metrizability). T 2 is a compact, metrizable space. Both T N 2 and T cont 2 are closed subspaces of T 2 , and thus compact as well.
To deal with Aldous chains and diffusions it is convenient to introduce the following notion:
Definition 2.11 (Shape polynomials). A shape polynomial is a linear combination of functions Φ m,t : T 2 → R of the form
where x = (T, c, µ), m ∈ N and t ∈ C m . Let Π s be the set of all shape polynomials.
Note that the set Π s of shape polynomials is an algebra. It is immediate from Propositions 2.8 and 2.10 that it is contained in the space C(T 2 ) of continuous functions, separates the points of T 2 and hence is dense in C(T 2 ) by the Stone-Weierstrass theorem.
Consider m ∈ N and t = (C, c, ζ) ∈ C m \C m , i.e. there is a leaf in the m-labelled cladogram t with multiple labels. Then s (T,c) (u 1 , . . . , u m ) = t implies that the u 1 , . . . , u m are not distinct. Hence Φ m,t (x ) = 0 for all x ∈ T cont 2 . This is in fact the reason why we restricted the domain of the pre-generator of the Aldous diffusion D(Ω Ald ) to shape polynomials using m-cladograms instead of m-labelled cladograms (see (1.11) ). Note that the set of restrictions to T cont 2 of functions in D(Ω Ald ) is dense in C(T cont 2 ).
Convergence of generators, tightness and existence
In this section we prepare the proofs of our main results by showing the uniform convergence of the generators of the discrete chains to the pre-generator (D(Ω Ald ), Ω Ald ), and deduce tightness of the Aldous chains (provided tightness of initial conditions) as well as existence of solutions to the limiting martingale problem by general theory. We also obtain continuous paths of all limit processes.
A first simple observation about the pre-generator is that it maps D(Ω Ald ) into itself.
Proof. Both Φ and Ω Ald Φ are shape polynomials, hence continuous by definition of sample shape convergence.
For N ∈ N, recall from (1.1) the generator Ω N of the Aldous chain on N -cladograms and from (2.18) the space T N 2 of algebraic measure trees with N leaves and uniform distribution on the leaves. Proof. Consider Φ ∈ D(Ω Ald ). By linearity, we may assume w.l.o.g. that Φ = Φ m,t for some m ∈ N and t ∈ C m . In particular, t is such that no leaf has multiple labels, and consequently for u ∈ T m , s (T,c) (u) = t implies that u 1 , ..., u m are distinct. Fix N ∈ N and x = (T, c, µ) ∈ T N 2 . In the following we abbreviate the inverse numbers of leaves and edges respectively by . We extend the algebraic tree to allow for potential new branch points (due to inserting an edge) and new leaves. To this end, for every edge e ∈ edge(T, c), we introduce two additional points x e , y e , i.e., we consdier
{x e , y e }, and extend c toc : T 3 → T which is uniquely defined by the following. (T ,c) is an algebraic tree such that for e = {a, b} ∈ edge(T, c), we have x e ∈ [a, b] in (T ,c), and (3.4)c(y e , x e , z) = x e ∀z ∈ T \ {y e }.
• The construction is illustrated in Figure 4 . For k ∈ {1, ..., m} and x ∈ T , let θ k,x : T m → T m be the replacement operator which replaces the k th -coordinate by x, i.e.,
be the binary algebraic measure tree after the Aldous move with z. The difference between sampling with the new and old measure is given by (3.7)
whereμ is a signed measure on T m withμ{(u 1 , . . . , u m ) : u 1 , . . . , u m distinct} = 0. Thus
We use the notation t ∧k ∈ C m−1 for the (m − 1)-cladogram obtained from t by deleting the leaf with label k (and relabelling the labels j > k to j − 1), i.e., if t = s (T ,c) (u), then t ∧k = s (T ,c) (u ∧k ) with u ∧k := (u 1 , ..., u k−1 , u k+1 , ..., u m ).
Furthermore, for u ∈ T m , we define
Note that E t,k (u) does not depend on u k , contains no u j for j = k, and that E t,k (u) = ∅ only if s (T,c) (u ∧k ) = t ∧k . In this case, E t,k (u) "corresponds to" an edge of t ∧k . Let ℓ := δ e∈edge(T,c) δ ye be the uniform distribution on {y e : e ∈ edge(T, c)}. By Fubini's theorem and using that ǫδ (x,e)∈lf × edge δ x ⊗ δ ye = µ ⊗ ℓ, we obtain (3.12)
where we have used in the second step that, because (T, c) is binary, (3.13) # e ∈ edge(T, c) :
for every z, z ′ ∈ T , and hence δ −1 ℓ(E t,k (u)) = 2N µ(E t,k (u)) + 1. Similarly, (3.14)
Combining (3.8), (3.12) and (3.14), we obtain that (3.15)
For an edge e of t ∧k , denote by t (k,e) the cladogram obtained by inserting a leaf labelled k in t ∧k at the edge e (and relabelling the labels j ≥ k to j + 1). In particular, t (k,e) is the cladogram obtained from t by the Aldous move (k, e). For u ∈ T m , we have s (T,c) (u ∧k ) = t ∧k if and only if there is an edge e of t ∧k such that s (T,c) (u) = t (k,e) , and this e is unique. Hence,
Inserting this into (3.15) and using that # edge(t ∧k ) = 2m − 5, we see that
which gives the claim.
As T 2 is compact by Proposition 2.10, we can immediately conclude the following from the convergence of the generators.
Corollary 3.3 (The limiting martingale problem). Let (x N ) N ∈N be a sequence of random binary algebraic measure trees with x N ∈ T N 2 , such that (3.18)
x N ⇒ x , as N → ∞, where x is distributed according to P 0 on T cont 2 . Let X N = (X N t ) t≥0 be the Aldous chain started in x N . Then the sequence (X N ) N ∈N is C-tight in D T 2 , and any limit point (X t ) t≥0 has paths in T cont 2 and satisfies the (Ω Ald , D(Ω Ald ), P 0 )-martingale problem. Proof. tightness. Tightness follows, in view of the approximation result Proposition 2.9 and Lemma 3.1, with the exactly same proof as Theorems 3.9.1 and 3.9.4 in [EK86] (see also [EK86, Remark 4.5.2]). continuous paths.
. By definition, D(Ω Ald ) induces the topology of sample-shape convergence on T cont 2 . Hence, continuity of the paths of the limit process X = (X t ) t≥0 in T cont 2 is equivalent to path-continuity of Φ(X) for all Φ ∈ D(Ω Ald ). Because Φ(X) is the limit of Φ(X N ), this follows from the obvious estimate
. That any limit point has paths in T cont 2 follows directly from the fact that X N has paths in T N 2 and the approximation result Proposition 2.9. martingale problem. That all limit points satisfy the martingale problem follows with the same proof as Lemma 4.5.1 in [EK86] .
The following corollary is immediate from the above lemma and the approximation result Proposition 2.9. 
Duality, uniqueness and convergence
In this section we first obtain a duality result that in turn allows to conclude the uniqueness of the martingale problem. We also use duality to show that the Aldous diffusion is a Feller process on T cont 2 . For m ∈ N let Y m := (Y m t ) t≥0 be the C m -valued Aldous chain with generator Ω m from (1.1). If Y m 0 = t ∈ C m , then E Y t denotes the corresponding expectation. Proposition 4.1 (Duality). Let P 0 be an arbitrary probability measure on T cont 2 and let X := ((T t , c t , µ t )) t≥0 be a solution to the
and t ∈ C m , we define H(x , t) := µ ⊗m u ∈ T m :
By our assumptions on the test functions H and definitions of Ω Ald and Ω m , the result follows by [EK86, Lemma 4.4.11, Corollary 4.4.13].
Corollary 4.2 (Uniqueness of the martingale problem). Let P 0 be an arbitrary probability measure on T cont 2 . Then uniqueness holds for the
Proof. As the set of all shape polynomials is separating (for probability measures), the result is immediate by the previous proposition and Proposition 4.4.7 from [EK86] . 
where, under E x , X = (X t ) t≥0 is the Aldous diffusion on T cont 2 started in x . Then (S t ) t≥0 is a Feller semi-group. In particular, the Aldous diffusion is a strong Markov process.
Proof. (S t ) t≥0 is well-defined by existence and uniqueness shown in Corollaries 3.4 and 4.2. It is a semi-group on the set of bounded measurable functions on T cont 2 by the Markov property of X, which in turn follows from uniqueness and Theorem 4.4.2 in [EK86] . Recall from Propositions 2.10 and 2.8 that the state space T cont 2 is compact and the set D(Ω Ald ) of shape polynomials is uniformly dense in C(T cont 2 ). Hence, in order to show that S t maps C(T cont 2 ) into itself, it is enough to show S t F ∈ C(T cont 2 ) for F = Φ m,t ∈ D(Ω Ald ). Using duality, we have S t Φ m,t (x ) = E Φ m,Yt (x ) for the C m -valued Aldous chain started in t. Thus S t Φ m,t ∈ C(T cont 2 ). Strong continuity of the semigroup (S t ) t≥0 on C(T cont 2 ) follows from weak continuity, e.g., by Theorem 19.6 of [Kal02] . The weak continuity follows directly from right-continuity of the sample paths.
In summary, we have now proven the first two theorems.
Proof of Theorems 1 and 2. Well-posedness of the martingale problem is shown in Corollaries 3.4 and 4.2. Continuous paths and tightness of the sequence of Aldous chains are shown in Corollary 3.3. Furthermore, every limit process satisfies the martingale problem (Corollary 3.3) and this implies convergence because of the uniqueness shown in 4.2. The Feller property is shown in Corollary 4.3.
Long term behavior and the Brownian CRT
In this section, we define the algebraic measure Brownian CRT, and provide the joint density of the cladogram shape spanned by a sample of finite size together with the vector of subtree masses branching off the edges of the cladogram. Moreover, we show that the algebraic measure Brownian CRT is invariant under the Aldous diffusion and that for any initial x ∈ T N 2 , the Aldous diffusion converges in law to the algebraic measure Brownian CRT as time goes to infinity.
Recall the definition of the set C m of m-cladograms (after Definition 2.4) and the shape s (T,c) (u 1 , ..., u m ) spanned by the vector of m points u 1 , ..., u m ∈ T (Definition 2.5). We define Definition 5.1 (Algebraic measure Brownian CRT). The algebraic measure Brownian CRT is the unique (in distribution) random binary algebraic measure tree X CRT = (T, c, µ) with uniform annealed sample shape distribution, i.e., for all m ∈ N, for all t ∈ C m , (5.1)
Note that there is a unique law on T 2 satisfying (5.1) because the sample shape distribution separates probability measures on T 2 , and it is realized through the well-known Brownian CRT once we ignore the distances (compare, [Ald93, Theorem 23] ). Now we provide the analog of [Ald93, Theorem 23] by considering, together with the sample shape, the vector of masses of the subtrees branching off the edges of the shape cladogram. As expected, under the annealed law of the Brownian CRT, we obtain that this vector is Dirichlet distributed and independent of the shape. To state the result more precisely, for u = (u 1 , . . . , u m ) ∈ T let T (u) = c({u 1 , . . . , u m } 3 ) be the generated subtree, and for e = {e x , e y } ∈ edge(T (u)) let (5.2) η (T,c,µ) (u, e) := µ v ∈ T : c(v, e x , e y ) ∈ (e x , e y ) ∪ {e x , e y } ∩ lf(T (u)) .
Let η (T,c,µ) (u) = η (T,c,µ) (u, e) e∈edge(T (u)) be the vector of these 2m − 3 masses (assuming u 1 , . . . , u m are distinct). We obtain the following, which is proven in the special case m = 3 in [Ald94, Theorem 2]. 2 )). Let X CRT be the Brownian CRT, m ∈ N, t ∈ C m and f : ∆ 2m−3 → R bounded measurable, where ∆ k is the k-simplex for k ∈ N, i.e.,
Then the following holds:
where Dir( For n = (n e ) e∈edge(t) with e n e = N , let q N (n) be the probability that the first m leaves of a uniform N -cladogram span the m-cladogram t, and the numbers of leaves of the N -cladogram in the subtrees corresponding to the edges of t are given by the vector n, i.e., (5.6)
e∈ex-edge(t) (n e − 1)! e∈in-edge(t) (n e )!
The first factor in the numerator together with the denominator counts the number of possibilities to distribute the N − m remaining leaves to the edges of the m-cladogram t (with quantities specified by n), and the products in the numerator count the possibilities to give cladogram structure to the leaves associated to every edge of t. For an external edge (e ∈ ex-edge(t)), we have the number of (n e + 1)-cladograms and identify the additional leaf with the branch point of t it is attached to. For an internal edge (e ∈ in-edge(t)), we need two additional leaves to identify with the two adjacent branch points. Fix η = (η 1 , ..., η 2m−3 ) ∈ ∆ 2m−3 . We are interested in the asymptotic behavior of q N (n(N )) as N −1 n i (N ) → η i , i = 1, ..., 2m − 3, where we enumerate the edges such that the first m edges are the external, and the remaining m − 3 the internal edges. Recall that
where ≈ means that the multiplicative error tends to zero as N → ∞, and we have applied the Stirling formula in the last step. Thus
, which gives the claimed density on the (2m − 3)-simplex in the limit.
Proposition 5.3 (Convergence to the CRT). Let (X t ) t≥0 be the Aldous diffusion started in x ∈ T cont 2 , and X CRT the algebraic measure Brownian CRT. Then
In particular, the algebraic measure Brownian CRT is the unique invariant distribution of the Aldous diffusion.
Proof. Fix m ∈ N and t ∈ C m . Let (Y t ) t≥0 be the Aldous chain on m-caldograms started in Y 0 = t. Then, for Φ m,t ∈ D(Ω Ald ) as in (2.20), we have by duality (Proposition 4.1)
Because the uniform distribution on C m is the unique reversible distribution of the Aldous chain (see [Ald00] ), lim t→∞ P{Y t = t ′ } = 1 #Cm for every t ′ ∈ C m . Because t ′ ∈Cm Φ m,t ′ = 1 on T cont 2 , this means
Because D(Ω Ald ) is convergence determining for probability measures on T cont 2 , this proves (5.9). Invariance of the law of X CRT follows from the convergence (5.9) together with the Feller property (Corollary 4.3).
On the dynamics of the sample subtree mass vector
In this section, we further study the Aldous diffusion on binary, algebraic non-atomic measure trees and prove Theorem 3. Recall from Proposition 5.2 that under the annealed law of the Brownian CRT, the sample tree shape is uniform and independent of the vector of subtree masses branching of the cladogram spanned by the sample. Furthermore, the vector of subtree masses is Dirichlet distributed. Next, we study the infinitesimal evolution of the quenched law of this vector under the dynamics of the Aldous diffusion in the case of sample size m = 3.
Recall the definition of the components S v (u), u, v ∈ T , from (2.2), and from (1.14) that η(u) with u = (u 1 , u 2 , u 3 ) ∈ T 3 denotes the vector of the three masses of the components connected to c(u), i.e.
With a slight abuse of notation, we also denote for v ∈ br(T ) by η(v) the µ-masses of the three components of T \ {v} (ordered decreasingly for definiteness), so that η(u) = η(c(u)) up to a permutation of the entries of the vector. Also recall that for mass-polynomials
with f ∈ C 2 [0, 1] 3 and x = (T, c, µ) ∈ T 2 , we define (6.3)
see (1.15) and (1.16), where also the migration operators θ i,j and the unit vectors e i are defined. Note that Φ f ∈ C(T 2 ) by Proposition 2.8, and because the function (x, y, z) → 1 x (f (0, x + y, z) − f (x, y, z)) is continuous due to continuous differentiability of f , Ω Ald Φ f is a mass-polynomial of degree three. In particular, Ω Ald Φ f is also a bounded continuous function on T cont 2 .
Remark 6.1. If f ∈ C 2 ([0, 1] 3 ) is symmetric, we can use the symmetry of the sampling procedure and rewrite (6.3) as (6.4)
This helps to reduce the number of terms in explicit calculations. ♦
For the proof of Theorem 3, we do not use the martingale problem of Theorem 1, because approximating the mass polynomial of degree three by shape polynomials, though possible in theory, seems difficult in praxis. Instead, we show that uniform convergence of generators holds also for mass polynomials of degree three, and use the diffusion approximation of Theorem 2. For N ∈ N, recall the state space T N 2 from (2.18) and the Aldous chain with generator Ω N from (1.1).
Proposition 6.2 (Subtree mass under the Aldous diffusion). For all test functions Φ f of the form (1.15) with f : [0, 1] 3 → R twice continuously differentiable,
From here we can prove Theorem 3 by standard arguments.
Proof of Theorem 3. Let X = (X t ) t≥0 be the Aldous diffusion on T cont 2 . Due to Proposition 2.9, there exist T N 2 -valued random variables X N 0 such that X N 0 converges in law to X 0 . By Theorem 2, the Aldous chains X N started in X N 0 converge in law to X. Furthermore, Ω Ald maps into C(T 2 ). Hence the same proof as Lemma 5.1 in [EK86] shows that (1.17) follows from Proposition 6.2.
Recall the intrinsic metric r µ on an algebraic measure tree (T, c, µ), as defined in (1.5). Before proving Proposition 6.2, we show how to use the extended martingale problem from Theorem 3 to calculate the annealed average r µ -distance in the algebraic measure Brownian CRT.
Corollary 6.3 (Mean average distance of the Brownian CRT). Let X CRT = (T, c, µ) be the algebraic measure Brownian CRT. Then
Proof. First, we express the average distance Φ(x ) := r µ (x, y) µ ⊗2 (d(x, y)) for x = (T, c, µ) ∈ T cont 2 as mass polynomial of degree three. Recall the branch point distribution ν = µ ⊗3 • c −1 used in the definition of r µ .
(6.7)
) with f (x, y, z) := xy + yz + xz. Because f is clearly symmetric, we can use Remark 6.1 and obtain (6.8)
Because X CRT is invariant under the Aldous diffusion (Proposition 5.3), Theorem 3 implies
. To prove Proposition 6.2, fix N ∈ N and x = (T, c, µ) ∈ T N 2 . We use some notation from the proof of Proposition 3.2, in particular recall from (3.2) that ǫ and δ denote the inverse numbers of leaves and edges, respectively, and the extended tree (T ,c) which allows to represent one Aldous move on the same tree (see Figure 4) . We consider µ, ν, and η to be defined on (T ,c) and, for z ∈ Ald(T ) = lf(T ) × edge(T ), we denote by µ z , ν z , and η z the corresponding objects after the Aldous move z. Because our trees are binary, the relation between the fraction of leaves and the fraction of edges in a subtree can be easily related as follows.
Lemma 6.4 (Proportion of leaves versus edges). Let x = (T, c, µ) ∈ T N 2 , and S = S v (u) for some v ∈ br(T, c), u ∈ T \ {v} a component. Let ℓ(S) be the fraction of the edges contained in S (including the edge to v). Then (6.9) ℓ(S) = µ(S) · (1 + 3δ) − δ.
Recall the branch point distribution ν = c * µ ⊗3 . The next Lemma shows the effect we would see if the branch point distribution remained unchanged. This corresponds exactly to Aldous' original calculation (compare with (1.2) but notice that our chain runs at total rate N (2N − 3) rather than N 2 as in Aldous' case) . In what follows, we write O(ǫ) for terms which divided by ǫ = ǫ N are bounded uniformly in the tree (and N ), while the bound may depend on f , and similarly for o(ǫ) and so on. 
(1 − 3η i )∂ i f (η) dµ ⊗3 + o(1), and the o(1)-term tends to zero as N → ∞ uniformly in the binary tree with N leaves.
Proof. Fix v ∈ br(T ). To make the calculation more readable, we abbreviate η i = η i (v) in the following equations as long as v is fixed. Denote the three components of T \ {v} by S i (v), i = 1, 2, 3, ordered such that η i = µ(S i ). For all z = (u, e) ∈ Ald(T ) with u ∈ S i (v) and e ∈ S j (v), a Taylor expansion yields
Using first this expansion and then Lemma 6.4, we obtain (6.12)
As the highest order term is anti-symmetric in i = j, i.e. , we obtain (6.13)
(1 − 3η i )∂ i f (η) + 2 The following lemma is easily obtained by associating a branch point to its three adjacent edges.
Lemma 6.6 (matching lemma). Let g : [0, 1] 2 → R be symmetric. Then Proof. If e ∈ edge(T ) is adjacent to v ∈ br(T ), there is i ∈ {1, 2, 3}, j ∈ {1, 2} with η j (x e ) = η i (v) and η 3−j (x e ) = 1−η i (v). The edge e is either adjacent to precisely two branch points, or it is an external edge, i.e. adjacent to a leaf of T . In the latter case, we have η 1 (x e ), η 2 (x e ) = (1 − ǫ, ǫ), and there are N external edges. Therefore, Proof of Proposition 6.2. Let S 3 be the set of permutations of {1, 2, 3}, and for each π ∈ S 3 let π * : ∆ 3 → [0, 1] be the induced map, i.e., π * (η) = (η π(1) , η π(2) , η π(3) ). Because Φ f = Φ f •π * and Ω Ald Φ f = Ω Ald Φ f •π * for every π ∈ S 3 , we may and do assume w.l.o.g. that f is symmetric.
Step 1.
In the first step, we calculate the effect of the branch point "created" by the Aldous move due to the fact that ν z ({x e }) might be non-zero, whereas ν({x e }) = 0 for all e ∈ edge(T ). To this end, set (6.16) C xe := z∈Ald(T ) ν z {x e }f η z (x e ) .
Recall that we order the entries of η decreasingly, so that η 1 (x e ) + η 2 (x e ) = 1 and η 3 (x e ) = 0.
For (x, y, z) ∈ ∆ 3 , let (6.17) h ǫ (x, y, z) := 1 − ǫ(2 + x∂ 1 + y∂ 2 − ∂ 3 ) f (x, y, z) g ǫ (x, y) := 6xy · h ǫ (x, y, 0)
Then g ǫ is a symmetric function. Let e ∈ edge(T ). For z = (u, e ′ ) ∈ Ald(T ), we have ν z {x e } = 0 if and only if e = e ′ , and hence, using symmetry of f , (6.18)
ν (u,e) {x e }f η (u,e) (x e ) = 2 i=1 N η i (x e ) · 6ǫ(η i (x e ) − ǫ)η 3−i (x e ) · f η i (x e ) − ǫ, η 3−i (x e ), ǫ = g ǫ η 1 (x e ), η 2 (x e ) + O(ǫ 2 ), where we used, in the last equality, a first order Taylor expansion of f and the identity η 1 (x e ) + η 2 (x e ) = 1. For v ∈ br(T ) \ T , there is a unique edge e ∈ edge(T ) with v = x e . Thus, using Lemma 6.6, (6.19) Step 2. In the second step, we calculate the effect of the change in ν{v} for the "old" branch points. Fix v ∈ br(T ). To make the calculation more readable, we abbreviate η i = η i (v) as long as v is fixed. We use Lemma 6.4 in the first transformation, and a first order Taylor Together with Lemma 6.5, (6.26) shows the claim of Theorem 3.
